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Abstract
Tura´n type extremal problem is how to maximize the number of edges over all
graphs which do not contain fixed forbidden subgraphs. Similarly, spectral Tura´n
type extremal problem is how to maximize (signless Laplacian) spectral radius over all
graphs which do not contain fixed subgraphs. In this paper, we first present a stability
result for k ·P3 in terms of the number of edges and then determine all extremal graphs
maximizing the signless Laplacian spectral radius over all graphs which do not con-
tain a fixed linear forest with at most two odd paths or k·P3 as a subgraph, respectively.
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1 Introduction
Let G be an undirected simple graph with vertex set V (G) = {v1, . . . , vn} and edge set
E(G), where e(G) is the number of edges of G. The adjacency matrix of G is the n × n
matrix A(G) = (aij), where aij = 1 if vi is adjacent to vj , and 0 otherwise. The matrix
Q(G) = D(G) + A(G) is known as the signless Laplacian matrix of G, where D(G) is the
degree diagonal matrix of G. The spectral radius and signless Laplacian spectral radius of
G are the largest eigenvalues of A(G) and Q(G), denoted by ρ(G) and q(G), respectively.
For v ∈ V (G), the neighborhood NG(v) of v is {u : uv ∈ E(G)} and the degree dG(v)
of v is |NG(v)|. We write N(v) and d(v) for NG(v) and dG(v) respectively if there is no
ambiguity. Denote by△(G) and δ(G) the maximum and minimum degree of G, respectively.
For V1, V2 ⊆ V (G), e(V1, V2) denotes the number of the edges of G with one end vertex in
V1 and the other in V2. We say a graph G is F -free if it does not contain F as a subgraph.
A path of order n is denoted by Pn. A linear forest is a forest whose components are paths.
For a path P3, say xyz, we call y its center and x, z its two ends. For two vertex disjoint
graphs G and H , we denote by G ∪H and G∇H the union of G and H , and the join of G
and H , i.e., joining every vertex of G to every vertex of H , respectively. Denote by k · G
the union of k disjoint copies of G. For graph notation and terminology undefined here, we
refer the readers to [1].
The problem of maximizing the number of edges over all graphs without fixed subgraphs
is one of the cornerstones of graph theory. In 2010, Nikiforov [14] proposed the following
spectral extremal problem, which is the spectral analogue of Tura´n type extremal problem.
∗This work is supported by the National Natural Science Foundation of China (Nos. 11971311 and
11531001) and the Montenegrin-Chinese Science and Technology Cooperation Project (No.3-12).
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Problem 1.1. [14] Given a graph H, what is the maximum ρ(G) of a graph G of order n
which does not contain H as a subgraph?
A variation of Problem 1.1 in terms of signless Laplacian spectral radius [17] is as follows:
Problem 1.2. Given a graph H, what is the maximum q(G) of a graph G of order n which
does not contain H as a subgraph?
Recently, the signless Laplacian spectral radius of graphs without fixed subgraphs has
received more and more attention. For example, He, Jin, and Zhang [11] obtained the
signless Laplacian spectral analogue of Tura´n theorem (see [21]). Nikiforov and Yuan [17]
obtained the signless Laplacian spectral analogue of Erdo˝s–Gallai theorem (see [7]). For
more details, readers may be referred to [4, 9, 10, 15, 16, 18–20, 23].
A natural extension of the signless Laplacian spectral analogue of Erdo˝s–Gallai theorem
is to determine the maximum signless Laplacian spectral radius of graphs which do not
contain a fixed linear forest as a subgraph. Lidicky´, Liu, and Palmer [12] determined the
Tura´n number for a forbidden linear forest except for k ·P3 if the order of graph is sufficiently
large and all extremal graphs. Bushaw and Kettle [2], Campos and Lopes [3], and Yuan and
Zhang [24], independently, determined the Tura´n number for a forbidden k ·P3. In order to
state these results, we need some symbols for given graphs.
Let Sn,h be the graph obtained from Kh ∪Kn−h by adding all edges between Kh and
Kn−h, i.e., Sn,h = Kh∇Kn−h. Moreover, let S
+
n,h be the graph obtained by adding an edge
to Sn,h (see Fig. 1) .
Kh
Kn−h
Sn,h
Kh
K2 ∪Kn−h−2
S+n,h
Fig. 1. Sn,h and S
+
n,h
Let Lt1,t2,h,h+1 be the graph obtained from t1Kh ∪ t2Kh+1 by joining all edges from one
new vertex to all vertices of t1Kh∪ t2Kh+1, where t1, t2 ≥ 0, i.e., Lt1,t2,h,h+1 = K1∇(t1Kh∪
t2Kh+1). In particular, write Lt,h = Lt,0,h,h+1 (see Fig. 2).
Kh+1 Kh+1
Kh+2 Kh+2
t1
t2
Lt1,t2,h,h+1
Kh+1 Kh+1
t
Lt,h
Fig. 2. Lt1,t2,h,h+1 and Lt,h
Suppose that H is a connected graph of order h. For k ≥ 1, h ≥ 2, and n > k+h−1, we
define Fn,k(H) := Kk−1∇(H ∪ p ·K2 ∪Ks), where n− (k + h− 1) = 2p+ s and 0 ≤ s < 2.
In particular, if H = K2, then we write Fn,k for Fn,k(K2). Let Hn,1 be a graph of order
n ≥ 7 obtained from Sn−2,2 and K3 by identifying a vertex of maximum degree in Sn−2,2
with a vertex of K3. Let N6 be a graph of order 6 by adding a pendant edge to every vertex
of K3, respectively (see Fig. 3).
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Hn,1
Kk−1
Ks
Fn,k N6
Fig. 3. Hn,1, Fn,k, and N6
Theorem 1.3. [12] Let F = ∪ki=1Pai be a linear forest with k ≥ 2, a1 ≥ · · · ≥ ak ≥ 2, and
h =
∑k
i=1⌊
ai
2 ⌋− 1. If there exists at least one ai not 3 and G is an F -free graph of order n,
then for sufficiently large n,
e(G) ≤
(
h
2
)
+ h(n− h) + c,
where c = 1 if all ai are odd and c = 0 otherwise. Moreover, if c = 1 then the equality holds
if and only if G = S+n,h. Otherwise, the equality holds if and only if G = Sn,h.
Theorem 1.4. [2, 3, 24] Let G be a k · P3-free graph of order n. Then
e(G) ≤


(
n
2
)
, for n < 3k;(
3k−1
2
)
+
⌊
n−3k+1
2
⌋
, for 3k ≤ n < 5k − 1;(
3k−1
2
)
+ k, for n = 5k − 1;(
k−1
2
)
+ (n− k + 1)(k − 1) +
⌊
n−k+1
2
⌋
, for n > 5k − 1.
Moreover, (i) If n < 3k, then the equality holds if and only if G = Kn;
(ii) If 3k ≤ n < 5k − 1, then the equality holds if and only if G = K3k−1 ∪ Fn−3k+1,1;
(iii) If n = 5k− 1, then the equality holds if and only if G = K3k−1 ∪F2k,1 or G = F5k−1,k;
(iv) If n > 5k − 1, then the equality holds if and only if G = Fn,k.
In this paper, we have made some contributions to Tura´n type results and Problem 1.2.
Firstly, we obtain a stability result for k ·P3 in terms of the number of edges, which improves
Theorem 1.4. Then we determine all extremal graphs maximizing the signless Laplacian
spectral radius over all graphs of sufficiently large order n without a fixed linear forest with
at most two odd paths or k · P3 as a subgraph. Our main results are stated as follows:
Theorem 1.5. Let G be a graph of order n ≥ 112 k
2+2k− 32 with k ≥ 2. If e(G) > (k−
3
2 )n,
then G contains k · P3 as a subgraph unless one of the following holds:
(i) G ⊆ Fn,k;
(ii) G ⊆ Fn,k−1(Kh), where 4 ≤ h ≤ 5;
(iii) G ⊆ Fn,k−1(N6).
Remark. Roughly speaking, by Theorem 1.4, it is easy to see that a graph of sufficiently
large order n with at least (k− 12 )n edges contains k ·P3 as a subgraph. But, by Theorem 1.5,
a graph of order n with at least (k− 32 )n edges contains k · P3 except several known graphs
as a subgraph. Hence Theorem 1.5 improves Theorem 1.4 and the extremal graph Fn,k for
k · P3 is stable.
Theorem 1.6. Let F = ∪ki=1Pai be a linear forest with k ≥ 2 and a1 ≥ · · · ≥ ak ≥ 2 and
h =
∑k
i=1⌊
ai
2 ⌋ − 1. Suppose that G is an F -free graph of sufficiently large order n.
(i) If there exists at least one even ai and at most two odd aj, then q(G) ≤ q(Sn,h) with
equality if and only if G = Sn,h;
(ii) If k = 2 and both a1 > 3 and a2 ≥ 3 are odd, then q(G) ≤ q(S
+
n,h) with equality if and
3
only if G = S+n,h.
(iii) If a1 = · · · = ak = 3, i.e., F = k · P3, then q(G) ≤ q(Fn,k) with equality if and only if
G = Fn,k.
The rest of this paper is organized as follows. In Section 2, some known and new results
are presented. In Section 3, we give the proof of Theorem 1.5. In Section 4, we give the
proof of Theorem 1.6.
2 Preliminary
We first present some stability results of graphs with large minimum degree and without
a fixed linear forest as a subgraph, which play an important role in the proof of our main
results.
Theorem 2.1. [5] Let F = ∪ki=1Pai be a linear forest with k ≥ 2 and a1 ≥ · · · ≥ ak ≥ 2.
Denote h =
∑k
i=1⌊
ai
2 ⌋ − 1 and suppose that G is an F -free connected graph of order n ≥
2k + 2. If all ai are even and δ(G) ≥ h, then one of the following holds:
(i) G ⊆ Sn,h;
(ii) F = 2 · Pa1 and G = Lt,h, where n = th+ 1.
Theorem 2.2. [5] Let F = ∪ki=1Pai be a linear forest with k ≥ 2 and a1 ≥ · · · ≥ ak ≥ 2.
Denote h =
∑k
i=1⌊
ai
2 ⌋ − 1 and suppose that G is an F -free connected graph of order n ≥
2k + 3. If there exists precisely one odd ai and δ(G) ≥ h, then one of the following holds:
(i) G ⊆ Sn,h;
(ii) F = P6 ∪ P3 and G ⊆ Fn,3, where n is even;
(iii) F ∈ {Pa1−1 ∪ Pa1 , Pa1+1 ∪ Pa1} and G = Lt,h, where a1 is odd and n = th+ 1.
Theorem 2.3. [5] Let F = ∪ki=1Pai be a linear forest with k ≥ 2 and a1 ≥ · · · ≥ ak ≥ 2.
Denote h =
∑k
i=1⌊
ai
2 ⌋ − 1 and suppose that G is an F -free 2-connected graph of order
n ≥ 4(2h+ 1)2
(
2h+1
h
)
. Suppose that there exist precisely two odd ai.
(a) If δ(G) ≥ h and k = 2, then one of the following holds:
(i) G ⊆ S+n,h;
(ii) F = P7 ∪ P3 and G ⊆ Fn,3, where n is even;
(iii) F = P9 ∪ P3 and G ⊆ Fn,4, where n is odd.
(b) If δ(G) ≥ h and k ≥ 3, then one of the following holds:
(iv) G ⊆ Sn,h;
(v) F = P4 ∪ 2 · P3 and G ⊆ Fn,3, where n is even;
(vi) F = P6 ∪ 2 · P3 and G ⊆ Fn,4, where n is odd.
Theorem 2.4. [5] Let F = ∪ki=1Pai be a linear forest with k ≥ 2 and a1 ≥ · · · ≥ ak ≥ 2.
Denote h =
∑k
i=1⌊
ai
2 ⌋−1 and suppose that G is an F -free connected graph of order n ≥ 2k+4
with at least one cut vertex. Suppose that there exist precisely two odd ai and ∆(G) = n−1.
(a) If δ(G) ≥ h ≥ 1 and k = 2, then one of the following holds:
(i) F = P5 ∪ P3 and G ⊆ Hn,1;
(ii) F = Pa1 ∪ Pa1−2 and G = Lt,h, where a1 is odd and n = th+ 1;
(iii) F = 2 · Pa1 and G ⊆ Lt1,t2,h,h+1, where a1 is odd and n = t1h+ t2(h+ 1) + 1.
(b) If δ(G) ≥ h ≥ 2 an k ≥ 3, then F = P2 ∪ 2 · Pa1 and G = Lt,h, where a1 is odd and
n = th+ 1.
Theorem 2.5. [7] (Erdo˝s–Gallai theorem) Let l ≥ 2 and G be a graph of order n. If
e(G) > (l−2)n2 , then G contains a path of order l as a subgraph.
Next we give several lemmas regarding signless Laplacian spectral radius.
Lemma 2.6. [17] Let h ≥ 2 and n ≥ 7h2. Then
(i) q(S+n,h) > q(Sn,h) > n+ 2h− 2−
2(h2−h)
n+2h−3 > n+ 2h− 3.
(ii) q(Lt,h) < q(Sn,h), where n = th+ 1.
(iii) If G is a graph of order n with q(G) ≥ q(Sn,h), then e(G) > h(n− h).
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Lemma 2.7. (i) For n ≥ 28, q(Hn,1) < q(Sn,2).
(ii) For h ≥ 3, t1, t2 ≥ 0, and n = t1h+ t2(h+ 1) + 1 ≥ 7h
2, q(Lt1,t2,h,h+1) < q(Sn,h).
Proof. (i) Denote q = q(Hn,1) and Q = Q(Hn,1). Let x be a positive eigenvector of
Q corresponding to q. Denote by x1 and x2 the eigenvector entry of the vertex u with
the maximum degree n − 1 and the vertex v with the the second largest degree n − 3,
respectively. By symmetry, those two vertices w1, w2 with degree 2 not adjacent to v have
the same eigenvector entry, denoted by x3. Similarly, by symmetry, the remaining vertices
in Hn,1 also have the same eigenvector entry, denoted by x4.
Since Sn−2,2 is a proper subgraph ofHn,1, by Perron–Frobenius theorem and Lemma 2.6,
q > q(Sn−2,2) > n− 1. By eigenequation of Q, we have
(q − n+ 1)x1 = x2 + 2x3 + (n− 4)x4,
(q − n+ 3)x2 = x1 + (n− 4)x4,
(q − 2)x3 = x3 + x1,
(q − 2)x4 = x1 + x2.
By simple calculation, we have
(
(q − n+ 2)(q − 3)− 2
)
x3 = (q − n+ 4)x2,
which implies that
x2
x3
=
(q − n+ 2)(q − 3)− 2
q − n+ 4
≥ 1
as q > n− 1 and n ≥ 9. Hence x2 ≥ x3.
Let G be a graph obtained from Hn,1 by deleting the edge w1w2 and adding the edges
{vw1, vw2}. Since
q(G)− q ≥ xTQ(G)x − xTQx
= 2(x2 + x3)
2 − (x3 + x3)
2
= 2(x2 − x3)(x2 + x3) + 4x2x3 > 0,
we have q(G) > q. Note that G = Sn,2. Hence q < q(Sn,2).
(ii) Note that q(G) ≤ max
uv∈E(G)
{
d(u) + d(v)
}
[6]. By Lemma 2.6 (i),
q(Lt1,t2,h,h+1) ≤ max
uv∈E(Lt1,t2,h,h+1)
{
d(u) + d(v)
}
≤ n+ h ≤ n+ 2h− 3 < q(Sn,h).

Lemma 2.8. For k ≥ 2 and n ≥ 2k2,
n+ 2k − 5 < q(Fn,k) ≤
n+ 2k − 2 +
√
(n+ 2k − 6)2 − 8(k2 − 4k + 3)
2
.
Moreover, if k ≥ 3 then q(Fn,k) ≤ n+ 2k − 4.
Proof. Denote q = q(Fn,k) and Q = Q(Fn,k). Let x be a positive eigenvector of Q
corresponding to q. Let n − (k − 1) = 2p + s with 0 ≤ s < 2. By symmetry, all vertices
of subgraphs Kk−1, p ·K2, or Ks in Fn,k = Kk−1∇(p ·K2 ∪Ks) have the same eigenvector
entry respectively, which are denoted by x1, x2, x3, respectively.
(i) If n− k + 1 is even, then s = 0. By Qx = qx, it is easy to see that
(q − n+ 1)x1 = (k − 2)x1 + (n− k + 1)x2,
(q − k)x2 = (k − 1)x1 + x2.
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It is easy to see that q is the largest root of f(x) = 0, where f(x) = x2 − (n + 2k − 2)x +
2n+ 2k2 − 4k − 2 = 0. Hence
q =
n+ 2k − 2 +
√
(n+ 2k − 6)2 − 8(k2 − 4k + 3)
2
> n+ 2k − 5.
Moreover, if k ≥ 3 then q ≤ n+ 2k − 4.
(ii) If n− k + 1 is odd, then s = 1. By Qx = qx, it is easy to see that
(q − n+ 1)x1 = (k − 2)x1 + (n− k)x2 + x3,
(q − k)x2 = (k − 1)x1 + x2,
(q − k + 1)x3 = (k − 1)x1.
It is easy to see that q is the largest root of f(x) = 0, where
f(x) = (x− k + 1)[x2 − (n+ 2k − 2)x+ 2n+ 2k2 − 4k − 2] + 2k − 2.
Note that q > q(Kk) = 2k − 2, we have
q2 − (n+ 2k − 2)q + 2n+ 2k2 − 4k − 2 = −
2k − 2
q − k + 1
< 0,
which implies that
q <
n+ 2k − 2 +
√
(n+ 2k − 6)2 − 8(k2 − 4k + 3)
2
.
Furthermore, if k ≥ 3 then q ≤ n+ 2k − 4. Moreover, since
f(n+ 2k − 5) = −n2 + (2k2 − 11k + 17)n+ 2k3 − 18k2 + 55k − 54 < 0,
we have q > n+ 2k − 5. 
Lemma 2.9. For k ≥ 2, 4 ≤ h ≤ 5 and n ≥ k + 20, q(Fn,k−1(Kh)) < q(Fn,k).
Proof. Denote q = q(Fn,k−1(K4)) and Q = Q(Fn,k−1(K4)). Let x be a positive eigenvector
of Q corresponding to q. Let V (K4) = {v1, . . . , v4} and V (p · K2) = {w1, . . . , w2p} in the
representation of Fn,k−1(K4), where p = ⌊
n−k−2
2 ⌋ and w2i−1 is adjacent to w2i for 1 ≤ i ≤ p.
By symmetry, all vertices of K4 and p · K2 in the representation of Fn,k−1(K4) have the
same eigenvector entry respectively, which are denoted by x1 and x2 respectively. Let G be
a graph obtained from Fn,k−1(K4) by deleting edges {v2v4, v3v4} and adding all the edges
v1wj for 1 ≤ j ≤ 2
⌊
n−k−2
2
⌋
. Since
q(G) − q ≥ xTQ(G)x − xTQx ≥ (n− k − 3)(x1 + x2)
2 − 2(x1 + x1)
2
≥ 8(x1 + x2)
2 − 2(x1 + x1)
2 = 8x2(2x1 + x2) > 0,
we have q(G) > q. Note that G ⊆ Fn,k, by Perron–Frobenius theorem, we have q < q(G) ≤
q(Fn,k).
Similarly, we also have q(Fn,k−1(K5)) < q(Fn,k). 
Lemma 2.10. For k ≥ 2 and n ≥ k + 4, q(Fn,k−1(N6)) < q(Fn,k).
Proof. Denote q = q(Fn,k−1(N6)) and Q = Q(Fn,k−1(N6)). Let x be a positive eigenvector
ofQ corresponding to q. Let V (N6) = {v1, v2, v3, w1, w2, w3}, where v1, v2, v3 are the vertices
of triangle in N6 and wi is adjacent to vi for 1 ≤ i ≤ 3. By symmetry, xv1 = xv2 = xv3 ,
denoted by x1, and xw1 = xw2 = xw3 , denoted by x2. Let G be a graph obtained from
Fn,k−1(N6) by deleting the edges {v2w2, v3w3} and adding the edges {v1w2, v1w3, w2w3}.
Since
q(G)− q ≥ xTQ(G)x− xTQx = 2(x1 + x2)
2 + (x2 + x2)
2 − 2(x1 + x2)
2 = 4x22 > 0,
we have q(G) > q. Note that G ⊆ Fn,k. By the Perron–Frobenius theorem, we have
q < q(G) ≤ q(Fn,k). 
6
3 Proof of Theorem 1.5
Lemma 3.1. Let G be a 2 · P3-free graph of order n ≥ 6. Then G ⊆ Fn,1(Kh) with
4 ≤ h ≤ 5, G ⊆ Fn,1(N6), or G ⊆ Fn,2.
Proof. If G is P3-free, then G consists of independent edges and isolated vertices, which
implies that G ⊆ Fn,2. So we assume that G contains P3 as a subgraph. Note that every
connected graph of order at least 3 contains P3 as a subgraph. Since G is 2 ·P3-free, G must
have precisely one component H of order h ≥ 3 and every of the remaining components
(if any exists) is an independent edge or an isolated vertex. Obviously, H is 2 · P3-free.
If 3 ≤ h ≤ 5, then H ⊆ Kh, which implies that G ⊆ Fn,1(Kh). So next we assume that
h ≥ 6. Let Q = v1v2 · · · vl be the longest path of order l in H . Note that H contains P3 as
a subgraph and H is 2 · P3-free, we have 3 ≤ l ≤ 5. If l = 3, then H is a star. So G ⊆ Fn,2.
If l = 4, then V (H)\V (Q) is an independent set of size at least 2, in which all vertices are
all adjacent to one of v2 and v3, otherwise H contains 2 · P3 as a subgraph. In addition,
v1 is not adjacent to v4, otherwise H contains 2 · P3 as a subgraph. So H ⊆ Fh,2, which
implies that G ⊆ Fn,2. If l = 5, then H − V (Q) consists of independent edges and isolated
vertices, say u1u2, . . . , upup, w1, . . . , wq, where p+ q ≥ 1, in which every vertex has at most
one neighbor v3 in Q. In addiction, since H is 2 · P3-free, we have v1v4, v1v5, v2v5 /∈ E(H).
If v2v4 ∈ E(H), then v1v3, v3v5 /∈ E(H), p = 0 and q = 1, which implies that h = 6 and
H = N6. Thus G ⊆ Fn,1(N6). If v2v4 /∈ E(H), then H ⊆ Fh,2. Thus G ⊆ Fn,2. This
completes the proof. 
Proof of Theorem 1.5. Suppose that G is k·P3-free. Since e(G) > (k−
3
2 )n ≥ e(Fn,k−1), it
follows from Theorem 1.4 that G contains (k−1) ·P3 as a subgraph. Let U = V ((k−1) ·P3).
Since G is k ·P3-free, G−U is P3 free. Thus G−U consists of independent edges and isolated
vertices and e(G− U) ≤ n−3k+32 . Then
e(U, V (G)\U) = e(G)− e(U)− e(G− U)
> (k −
3
2
)n−
(
3k − 3
2
)
−
n− 3k + 3
2
= (k − 2)n−
9k2 − 24k + 15
2
.
Let C ⊆ U be a vertex subset such that every vertex in C has at least 2k + 2 neighbors in
V (G)\U . We claim that k − 2 ≤ |C| ≤ k − 1. In fact, if |C| ≥ k, then there are k disjoint
paths P ′3s with centers in C and two ends in V (G)\U as every vertex in C has at least 2k+2
neighbors in V (G)\U , a contradiction. If |C| ≤ k − 3, then we have
e(U, V (G)\U) ≤ |C|(n− 3k + 3) + (3k − 3− |C|)(2k + 1)
= |C|(n− 5k + 2) + (3k − 3)(2k + 1)
≤ (k − 3)(n− 5k + 2) + (3k − 3)(2k + 1)
= (k − 3)n+ k2 + 14k − 9
≤ (k − 2)n−
9k2 − 24k + 15
2
,
a contradiction.
If |C| = k− 1, then G−C is P3-free. Otherwise (k− 1) ·P3 with all centers in C and all
ends in V (G)\U and another disjoint P3 in G − C yield k · P3, a contradiction. So G − C
consists of independent edges and isolated vertices. Hence G ⊆ Fn,k.
If |C| = k − 2, then we claim that G − C is 2 · P3-free. Otherwise (k − 2) · P3 with all
centers in C and all ends in V (G)\U and another two disjoint P ′3s in G − C yield k · P3,
a contradiction. Denote by n1 the order of G − C. By Lemma 3.1, G − C ⊆ Fn1,1(Kh)
with 4 ≤ h ≤ 5, G− C ⊆ Fn1,1(N6) or G− C ⊆ Fn1,2, implying that G ⊆ Fn,k−1(Kh) with
4 ≤ h ≤ 5, G ⊆ Fn,k−1(N6), or G ⊆ Fn,k. 
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4 Proof of Theorem 1.6
In order to prove Theorem 1.6, we need to prove some technical lemmas.
Lemma 4.1. Let F = ∪ki=1Pai be a linear forest with k ≥ 2, a1 ≥ · · · ≥ ak ≥ 2, and at least
one ai not equal to 3. Denote h =
∑k
i=1⌊
ai
2 ⌋ − 1 and suppose that G is an F -free graph of
sufficiently large order n. If q(G) ≥ q(Sn,h), then ∆(G) = n− 1.
Proof. Suppose that ∆(G) ≤ n− 2. Note that
q(G) ≤ max
v∈V (G)
{
d(v) +
1
d(v)
∑
z∈N(v)
d(z)
}
,
which dates back to Merris [13]. Let u be a vertex such that
q(G) ≤ max
v∈V (G)
{
d(v) +
1
d(v)
∑
z∈N(v)
d(z)
}
= d(u) +
1
d(u)
∑
z∈N(u)
d(z).
If d(u) ≤ 2h− 1, then
q(G) ≤ d(u) +
1
d(u)
∑
z∈N(u)
d(z) ≤ d(u) + ∆(G) ≤ n+ 2h− 3 < q(Sn,h),
a contradiction. Hence d(u) ≥ 2h. On the other hand, by Theorem 1.3,
∑
z∈N(u)
d(z) = 2e(G)−
∑
z∈V (G)\N(u)
d(z) ≤ 2e(S+n,h)− n+ 1 ≤ (2h− 1)n− h
2 − h+ 3.
Thus
q(G) ≤ d(u) +
(2h− 1)n− h2 − h+ 3
d(u)
.
Note that the function f(x) = x + (2h−1)n−h
2−h+3
x is convex with respect to x for x > 0.
Since
f(2h) = n+ 2h−
n+ (h2 + h)− 3
2h
< n+ 2h− 2−
2(h2 − h)
n+ 2h− 3
≤ q(Sn,h)
and
f(n− 2) = n+ 2h− 3−
h2 − 3h− 1
n− 2
< n+ 2h− 2−
2(h2 − h)
n+ 2h− 3
≤ q(Sn,h),
we have q(G) ≤ max
{
f(2h), f(n − 2)
}
< q(Sn,h), a contradiction. This completes the
proof. 
Lemma 4.2. Let F = ∪ki=1Pai be a linear forest with k ≥ 2, a1 ≥ · · · ≥ ak ≥ 2, and at least
one ai not equal to 3. Denote h =
∑k
i=1⌊
ai
2 ⌋ − 1 and suppose that G is an F -free graph of
sufficiently large order n. If q(G) ≥ q(Sn,h), then there exists an induced subgraph H ⊆ G
of order n1 > n − h
2 with (i) δ(H) ≥ h, (ii) a vertex u ∈ V (H) satisfying dG(u) = n − 1,
and (iii) dH(v) ≤ h− 1 for every vertex v ∈ V (G)\V (H).
Proof. If δ(G) ≥ h, then let G = H . By Lemma 4.1, H is the desired graph. Next we
assume that δ(G) ≤ h − 1. We construct a sequence of graphs G = G0 ⊇ G1 ⊇ · · · ⊇ Gr
such that δ(Gi) ≤ h− 1 for 0 ≤ i ≤ r − 1 and δ(Gr) ≥ h as follows.
Suppose that we have reached such a graph Gi for some i and δ(Gi) ≤ h − 1. Choose
v ∈ V (Gi) with dGi(v) = δ(Gi) and let Gi+1 = Gi−v. Since Gi is F -free and |V (Gi)| = n−i,
Theorem 1.3 and Lemma 2.6 (iii) imply that
h(n− i)−
h2 + h
2
+ 1 = e(S+n−i,h) ≥ e(Gi) ≥ e(G)− i(h− 1) > h(n− h)− i(h− 1).
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Thus i < h2. Let H = Gr, where r − 1 is the maximum value of i such that δ(Gi) ≤ h− 1.
This implies that δ(H) ≥ h. Moreover, by Lemma 4.1, G has a vertex u with dG(u) = n−1.
From the procedure constructing {Gi}
r
i=0, we have u ∈ V (H) and dH(v) ≤ h− 1 for every
vertex v ∈ V (G)\V (H). 
Lemma 4.3. Let F = ∪ki=1Pai be a linear forest with k ≥ 2, a1 ≥ · · · ≥ ak ≥ 2, and at most
two odd ai. Denote h =
∑k
i=1⌊
ai
2 ⌋ − 1 and suppose that G is an F -free graph of sufficiently
large order n. Let H be an induced subgraph of order n1 > n− h
2 stated in Lemma 4.2. If
q(G) ≥ q(Sn,h), then H is not a subgraph of Lt1,t2,h,h+1, where n1 = t1h+ t2(h+1)+1 and
t1, t2 ≥ 0.
Proof. Suppose that H ⊆ Lt1,t2,h,h+1. Let H
′ = G− V (H) and n2 = |V (H
′)|. Let u be a
vertex in H with dG(u) = n − 1. Since dG(u) = n− 1 and dH(v) ≤ h− 1 for every vertex
v ∈ V (H ′), we have dH−u(v) ≤ h− 2 for every vertex v ∈ V (H
′). Thus
e(V (H ′), V (H − u)) ≤ (h− 2)n2 < h
3 − 2h2.
Since H ⊆ Lt1,t2,h,h+1, we have
e(H) ≤ e(Lt1,t2,h,h+1) =
t1h
2 + t2(h+ 1)
2 + n1 − 1
2
≤
t1h(h+ 1) + t2(h+ 1)
2 + n1 − 1
2
=
(h+ 2)(n1 − 1)
2
.
Furthermore, since q(G) ≥ q(Sn,h), by Lemma 2.6 (iii), we have e(G) > h(n− h). Then
e(H ′) = e(G)− e(H)− e(V (H ′), V (H − u))− n2
> h(n− h)−
(h+ 2)(n1 − 1)
2
− (h3 − 2h2)− n2
=
(h− 2)n− (2h3 − 2h2 − h− 2)
2
+
hn2
2
>
hn2
2
.
By Theorem 2.5, H ′ contains a path of order h+2, denoted by P , as a subgraph. Moreover,
sinceH ⊆ Lt1,t2,h,h+1 and δ(H) ≥ h, we have thatH is obtained from Lt1,t2,h,h+1 by deleting
some matchings in its induced subgraphs K ′h+2s. Hence H contains t1 + t2 paths of order
h+1 with end vertex u, denoted by Q1, . . . , Qt1+t2 , and they have a unique common vertex
u. Note that n1 is sufficiently large, we have t1+ t2 ≥ 2. Since u is the common vertex of Q1
andQ2, we can obtain a longer path Q of order 2h+1 in H such that V (Q) = V (Q1)∪V (Q2).
Now G contains two disjoint paths Q of order 2h+ 1 and P as subgraphs. We first assume
that there are precisely two odd ai, say ai1 and ai2 with ai1 ≥ ai2 . Since
h+ 2 =
k∑
i=1
⌊ai
2
⌋
+ 1 ≥
ai1 − 1
2
+
ai2 − 1
2
+ 1 ≥ ai2 ,
2h+ 1 = 2
k∑
i=1
⌊ai
2
⌋
− 1 =
k∑
i=1
ai − 3 ≥
∑
1≤i≤k,i6=i2
ai,
we have F ⊆ G, a contradiction. We next assume that there is precisely one odd ai. Note
that dG(u) = n − 1. We can obtain a path T of order 2h + 3 in G such that V (T ) =
V (P ) ∪ V (Q1). Since
2h+ 3 = 2
k∑
i=1
⌊ai
2
⌋
+ 1 =
k∑
i=1
ai,
we have F ⊆ G, a contradiction. This completes the proof. 
Lemma 4.4. Let F ∈ {P6 ∪ P3, P7 ∪ P3, P4 ∪ 2 · P3} and G be an F -free graph of order
n ≥ 63. Let n1 ≥ 10 be even and H be an induced subgraph of G of order n1 with δ(H) ≥ 3.
If q(G) ≥ q(Sn,3), then H is not a subgraph of Fn1,3.
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Proof. Suppose that H ⊆ Fn1,3. Since δ(H) ≥ 3, there exists I ⊆ V (H) of size n1 − 2
such that H [I] = n1−22 K2. Let H
′ = G − V (H). If H ′ contains P3 as a subgraph or there
is an edge with one end vertex in V (H ′) and the other in I, then F ⊆ G, a contradiction.
So V (H ′)∪ I induces independent edges and isolated vertices. It follows that G ⊆ Fn,3. By
Lemmas 2.6 (i) and 2.8, q(G) ≤ q(Fn,3) ≤ n+ 2 < q(Sn,3), a contradiction. 
Although the proof of Lemma 4.5 is similar to that of Lemma 4.4, we retain it for
completeness.
Lemma 4.5. Let F ∈ {P9 ∪ P3, P6 ∪ 2 · P3} and G be an F -free graph of order n ≥ 112.
Let n1 ≥ 11 be odd and H be an induced subgraph of G of order n1 with δ(H) ≥ 4. If
q(G) ≥ q(Sn,4), then H is not a subgraph of Fn1,4.
Proof. Suppose that H ⊆ Fn1,4. Since δ(H) ≥ 4, there exists I ⊆ V (H) of size n1 − 3
such that H [I] = n1−32 K2. Let H
′ = G − V (H). If H ′ contains P3 as a subgraph or there
is an edge with one end vertex in V (H ′) and the other in I, then F ⊆ G, a contradiction.
So V (H ′)∪ I induces independent edges and isolated vertices. It follows that G ⊆ Fn,4. By
Lemmas 2.6 (i) and 2.8, q(G) ≤ q(Fn,4) ≤ n+ 4 < q(Sn,4), a contradiction. 
Lemma 4.6. Let F = P5 ∪ P3 and G be an F -free graph of order n ≥ 28. Suppose that G
has a vertex u with dG(u) = n− 1. Let H be an induced subgraph of G of order n1 ≥ 7 with
u ∈ V (H) and δ(H) ≥ 2. If q(G) ≥ q(Sn,2), then H is not a subgraph of Hn1,1.
Proof. Suppose that H ⊆ Hn1,1. Obviously, dH(u) = n1 − 1. Since δ(H) ≥ 2 and
dH(u) = n1 − 1, we have that H = Hn1,1. Let v be a vertex of H with the second largest
degree and H ′ = G−V (H). Note that dG(u) = n− 1. If H
′ contains an edge or there is an
edge between V (H ′) and V (H)\{u, v}, then F ⊆ G, a contradiction. Hence G ⊆ Hn,1. By
Lemma 2.7 (i), q(G) ≤ q(Hn,1) < q(Sn,2), a contradiction. 
Lemma 4.7. Let F = ∪ki=1Pai be a linear forest with k ≥ 2 and a1 ≥ · · · ≥ ak ≥ 2. Denote
h =
∑k
i=1⌊
ai
2 ⌋ − 1 and suppose that G is an F -free graph of sufficiently large order n. If
there exists an even ai and at most two odd aj, then q(G) ≤ q(Sn,h) with equality if and
only if G = Sn,h.
Proof. Let G be an F -free graph of order n with maximum signless spectral radius. It
suffices to prove that G = Sn,h. Since Sn,h is F -free, we have q(G) ≥ q(Sn,h). By Lemma 4.1,
∆(G) = n − 1. Choose u ∈ V (G) with dG(u) = n − 1. We first assume that h = 1. Then
F = 2 · P2 or F = P2 ∪ P3. If there is an edge in G − u, then F ⊆ G, a contradiction.
This implies that V (G− u) is an independent set and thus G = Sn,1. We next assume that
h ≥ 2.
Claim. δ(G) ≥ h.
Suppose that δ(G) ≤ h−1. By Lemma 4.2, there exists an induced subgraph H of order
n1 > n − h
2 with δ(H) ≥ h, u ∈ V (H), and dH(v) ≤ h − 1 for every v ∈ V (G)\V (H).
By Theorems 2.1-2.4 and Lemmas 4.3-4.5, H ⊆ Sn1,h. Then there exists I ⊆ V (H) of size
n1 − h such that I induces an independent set of H and u ∈ V (H)\I. Since δ(H) ≥ h,
every vertex in I is adjacent to every vertex in V (H)\I. We first assume that there are
precisely two odd ai, say ai1 and ai2 with ai1 ≥ ai2 . Note that there exist 3 disjoint complete
bipartite subgraphs Hi of H , with Hi = (Xi, Yi;Ei) for 1 ≤ i ≤ 3, where |X1| = |Y1| =∑
1≤i≤k,i/∈{i1,i2}
⌊ai2 ⌋ − 1 with u ∈ X1, |X2| = ⌊
ai1
2 ⌋, |Y2| = ⌊
ai1
2 ⌋ + 1, |X3| = ⌊
ai2
2 ⌋, and
|Y3| = ⌊
ai2
2 ⌋ + 1. Hence there exist 3 disjoint paths Qi for 1 ≤ i ≤ 3, where Q1 is path of
order
∑
1≤i≤k,i/∈{i1,i2}
ai − 2 in H1 with one end vertex u, Q2 is a path of order ai1 in H2,
and Q3 is a path of order ai2 in H3. Let H
′ = G− V (H). If V (H ′) ∪ I induces at least an
edge u1u2 (if one of u1 and u2 is in Yi, say u1 ∈ Yi, then we can find another u
′
1 ∈ I\∪
3
i=1 Yi
to substitute u1 in Yi), then the path Q1 of order
∑
1≤i≤k,i/∈{i1,i2}
ai − 2 can be extended
to a path Q1u1u2 of order
∑
1≤i≤k,i/∈{i1,i2}
ai in G. Hence F ⊆ G, a contradiction. This
implies that V (H ′)∪ I is an independent set and thus G ⊆ Sn,h. Next assume that there is
precisely one odd ai. By similar arguments , we can get the same result that V (H
′) ∪ I is
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an independent set and thus G ⊆ Sn,h. Since δ(G) ≤ h− 1, G is a proper subgraph of Sn,h.
By Perron–Frobenius theorem, q(G) < q(Sn,h), a contradiction. This completes the claim.
By Claim, δ(G) ≥ h. It follows from Theorems 2.1-2.4, Lemmas 2.6, and Lemma 2.8
that G ⊆ Sn,h. By Perron–Frobenius theorem and the extremality of G, G = Sn,h. 
Lemma 4.8. Let F = ∪2i=1Pai with a1 ≥ a2 and a1 > 3. Denote h =
∑2
i=1⌊
ai
2 ⌋ − 1 and
suppose that G is an F -free graph of sufficiently large order n. If a1 and a2 are odd, then
q(G) ≤ q(S+n,h) with equality if and only if G = S
+
n,h.
Proof. Let G be an F -free graph of order n with maximum signless spectral radius. It
suffices to prove that G = S+n,h. Since S
+
n,h is F -free, we have q(G) ≥ q(S
+
n,h). Obviously,
q(G) ≥ q(+n,h) > q(Sn,h). By Lemma 4.1, ∆(G) = n − 1. Choose u ∈ V (G) with dG(u) =
n− 1.
Claim. δ(G) ≥ h.
Suppose that δ(G) ≤ h−1. By Lemma 4.2, there exists an induced subgraph H of order
n1 > n − h
2 with δ(H) ≥ h, u ∈ V (H), and dH(v) ≤ h − 1 for every v ∈ V (G)\V (H).
By Theorems 2.3-2.4 and Lemmas 4.3-4.6, H ⊆ S+n1,h. Thus there exists I ⊆ V (H) of size
n1 − h such that I induces at most one edge of H and u ∈ V (H)\I. Let H
′ = G− V (H).
Case 1. I induces precisely one edge v1v2 and isolated vertices. Since δ(H) ≥ h, every
vertex in I\{v1, v2} is adjacent to every vertex in V (H)\I and v2 is adjacent to at least
h − 1 ≥ ⌊a12 ⌋ − 1 vertices in V (H)\I. Then there exist two disjoint complete bipartite
subgraphs Hi of H , with Hi = (Xi, Yi;Ei) for 1 ≤ i ≤ 2, where |X1| = |Y1| = ⌊
a1
2 ⌋ − 1
with u ∈ X1, v2 ∈ Y1, v1 /∈ Y1 ∪ Y2, |X2| = ⌊
a2
2 ⌋, and |Y2| = ⌊
a2
2 ⌋ + 1. Hence there exist
two disjoint paths Qi for 1 ≤ i ≤ 2, where Q1 is path of order a1 − 3 with end vertices
u and v2 in H1 and Q2 is a path of order a2 in H2. If V (H
′) induces at least an edge
w1w2, then the path Q1 of order a1 − 3 with end vertices u and v2 can be extended to
a path v1Q1w1w2 of order a1 in G. Hence F ⊆ G, a contradiction. This implies that
V (H ′) induces an independent set. Similarly, we can prove that there is no edge with one
end vertex in I and the other in V (H ′). Hence V (H ′) ∪ I induces precisely one edge v1v2
and isolated vertices. Moreover, since δ(G) ≤ h − 1, G is a proper subgraph of S+n,h. By
Perron–Frobenius theorem, q(G) < q(S+n,h), a contradiction.
Case 2. I is an independent set. Since δ(H) ≥ h, every vertex in I is adjacent to
every vertex in V (H)\I. If V (H ′) ∪ I induces a path of order 3, then by similar arguments
to the case above, we can find two disjoint paths of order a1 and a2 respectively. Then
F ⊆ G, a contradiction. Hence V (H ′) ∪ I induces independent edges and isolated vertices,
i.e., v1v2, . . . , v2p−1v2p, w1, . . . , wq. Since δ(G) ≤ h−1, if p ≤ 1 then G is a proper subgraph
of S+n,h and thus q(G) < q(S
+
n,h), a contradiction. So p ≥ 2. Then all wi are not adjacent to
any vertex in I, i.e., all v2i−1v2i ∈ E(H
′), otherwise we can find two disjoint paths of order
a1 and a2 respectively, and thus F ⊆ G. Likewise, we see that each vertex of all edges of H
′
is adjacent to none of vertices in V (H)\I except for u. We show that q(G) < q(S+n,h). Let
x = (x1, x2, . . . , xn) be a positive unit eigenvector of Q(G) corresponding to q(G). Choose a
vertex v ∈ V (H)\(I ∪ {u}). For simplicity, let q = q(G). From the eigenequations of Q(G),
we have for 1 ≤ i ≤ p,
(q − 2)xv2i−1 = xv2i + xu, (q − 2)xv2i = xv2i−1 + xu,
(q − d(v))xv =
∑
w∈N(v)
xw > xu.
Since d(v) > n− h2 − h > 3, we have
xv2i−1 = xv2i =
xu
q − 3
, xv >
xu
q − d(v)
> xv2i−1 .
Let G′ be a graph obtained from G by deleting all edges in {v2i−1v2i : 1 ≤ i ≤ p} and
adding all edges in {vvi : 1 ≤ i ≤ 2p}. Obviously, G
′ ⊆ Sn,h and
q(G′) ≤ q(Sn,h) < q(S
+
n,h).
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On the other hand,
q(G′)− q(G) =
∑
1≤i≤2p
(xv + xvi)
2 −
∑
1≤i≤p
(xv2i−1 + xv2i)
2 >
∑
1≤i≤p
(xv + xv2i−1)
2 > 0,
implying that q(G) < q(G′). Thus q(G) < q(S+n,h), a contradiction. This completes the
claim.
By Claim, δ(G) ≥ h. It follows from Theorems 2.3-2.4 and Lemmas 2.6-2.8 that G ⊆
S+n,h. By Perron–Frobenius theorem and the extremality of G, G = S
+
n,h. 
Lemma 4.9. Let k ≥ 2 and G be a k · P3-free graph of order n ≥
11
2 k
2 − 9k + 12. Then
q(G) ≤ q(Fn,k) with equality if and only if G = Fn,k.
Proof. Let G be a k · P3-free graph of order n with maximum signless spectral radius.
It suffices to prove that G = Fn,k. Since Fn,k is k · P3-free, we have q(G) ≥ q(Fn,k). By
Lemma 2.8, q(G) > n+ 2k − 5.
First we assume that k = 2. By Lemma 3.1, G ⊆ Fn,1(Kh) with 4 ≤ h ≤ 5, G ⊆
Fn,1(N6), or G ⊆ Fn,2. By Perron–Frobenius theorem, Lemma 2.9, and Lemma 2.10,
G = Fn,2. So next we assume that k ≥ 3. Note that
q(G) ≤ max
v∈V (G)
{
d(v) +
1
d(v)
∑
z∈N(v)
d(z)
}
,
which dates back to Merris [13]. Let u be a vertex of G such that
q(G) ≤ max
v∈V (G)
{
d(v) +
1
d(v)
∑
z∈N(v)
d(z)
}
= d(u) +
1
d(u)
∑
z∈N(u)
d(z).
We first claim that d(u) ≥ 2k − 3. Otherwise
q(G) ≤ d(u) + ∆(G) ≤ 2k − 4 + n− 1 = n+ 2k − 5,
a contradiction. Note that q(G) > n+ 2k − 5, we have
∑
v∈N(u)
d(v) > (n+ 2k − 5− d(u))d(u).
Next we consider two cases.
Case 1. d(u) ≤ n+k−54 . Let W = V (G)\({u} ∪ N(u)). Let C ⊆ N(u) be the vertex
subset such that every vertex in C has at least 2k neighbours in W . We claim that |C| ≥ k.
Otherwise, we have
∑
v∈N(u)
d(v) =
∑
v∈C
d(v) +
∑
v∈N(u)\C
d(v)
= |C|(n− 1) + (d(u)− |C|)(2k − 1 + d(u))
= (n− d(u)− 2k)|C|+ (2k + d(u)− 1)d(u)
≤ (n− d(u)− 2k)(k − 1) + (2k + d(u)− 1)d(u)
= (d(u)(d(u) + k) + (n− 2k)(k − 1)
= (n+ 2k − 5− d(u))d(u) + d(u)(2d(u)− n− k + 5) + (n− 2k)(k − 1)
≤ (n+ 2k − 5− d(u))d(u) + (2k − 3)(−n+ 3k − 1) + (n− 2k)(k − 1)
= (n+ 2k − 5− d(u))d(u)− ((k − 2)n− 4k2 + 9k − 3)
≤ (n+ 2k − 5− d(u))d(u),
where the last third inequality holds because the function f(x) = x(2x − n − k + 5) is
decreasing with respect to x for 2k − 3 ≤ x ≤ n+k−54 , the last inequality holds as n ≥
12
11
2 k
2 − 9k + 12, a contradiction. Then we can embed k · P3 in G with all centers in C and
all ends in W , a contradiction.
Case 2. d(u) > n+k−54 . Let Gu = G[V (G)\{u})]. Then Gu must be (k − 1) · P3-free.
Otherwise, (k− 1) · P3 in V (G)\{u}) and a disjoint P3 with center u and two ends in N(u)
yield k · P3, a contradiction. In addition, by inequalities q(G) ≤
2e(G)
n−1 + n − 2 [8, 22] and
q(G) > n+ 2k − 5, we have e(G) > (k − 32 )(n− 1). Then
e(Gu) = e(G)− d(u) > (k −
3
2
)(n− 1)− (n− 1) = (k −
5
2
)(n− 1).
Note that Gu is (k − 1) · P3-free. By Theorem 1.5, we have (i) Gu ⊆ Fn−1,k−1, (ii) Gu ⊆
Fn−1,k−2(Kh) for 4 ≤ h ≤ 5, or (iii) Gu ⊆ Fn−1,k−2(N6). In (i), we have G ⊆ Fn,k. By
Perron–Frobenius theorem and the extremality of G, we have G = Fn,k. In (ii), we have
G ⊆ Fn,k−1(Kh) for 4 ≤ h ≤ 5. By Lemma 2.9,
q(G) ≤ q(Fn,k−1(Kh)) < q(Fn,k),
a contradiction. In (iii), we have G ⊆ Fn,k−1(N6). By Lemma 2.10,
q(G) ≤ q(Fn,k−1(N6)) < q(Fn,k),
a contradiction. This completes the proof. 
Now we are ready to prove Theorem 1.6.
Proof of Theorem 1.6. Theorem 1.6 directly follows from Lemmas 4.7-4.9. 
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